Measures of Variability
Any set of measurements has two important properties: the central or typical value and the spread about that value. As demonstrated in last week’s lesson, the measures of central tendency are quite useful, however, the mean, the median, and the mode do not reveal the whole picture of the distribution of a data set. Two data sets with the same mean may have completely different spreads or variability. Consider the following two data sets on the ages of teachers for two small private schools.

	School 1:
	47, 38, 35, 40, 36, 45, 39

	School 2:
	70, 33, 21, 52, 24


The mean age of teachers from of each of these two schools is the same, 40 years. If we do not know the ages of individual teachers for these two schools and are told only that the mean age of the teachers for both schools is the same, we may deduce that the workers of these two schools have a similar age distribution. But, as we can observe, the variation in the teachers' ages for each of these two schools is very different. As illustrated in the diagram, the ages of the teachers of the second school have a much larger variation than the ages of the teachers of the first school.

[image: image1.png]wchoot 1
3536 383940 45 47
F M i

School 2
a2 @ 52





Thus, the mean, median, or mode is usually not by itself a sufficient measure to reveal the shape of the distribution of a data set. We also need a measure that can provide some information about the variation among data values. The measures that help us to know about the spread of a data set are called the measures of dispersion. The measures of central tendency and dispersion taken together give a better picture of a data set than the measures of central tendency alone. This section discusses four measures of dispersion: range, interquartile range, variance, and standard deviation.

Range

The range is the simplest measure of dispersion to calculate. It is obtained by taking the difference between the largest and the smallest values in a data set.

Example 1 The following data give the IQ scores of five college students

90, 25, 105, 95, 85

Find the range of IQ scores for these students

Solution: First the values must be ordered

25, 85, 90, 95, 105

Then subtract the smallest value from the largest

105-25 = 80

The range, like the mean, has the disadvantage of being influenced by outliers. Consequently, the range is not a good measure of dispersion to use for a data set that contains outliers. In Example 4-1, if the IQ of 25 is dropped, the range decreases from 8o to 20. Another disadvantage of using the range as a measure of dispersion is that its calculation is based on two values only: the largest and the smallest. All other values in a data set are ignored while calculating the range. Thus, the range is not a very satisfactory measure of dispersion.

Interquartile Range

A measure of spread that is not influenced by any extreme value (outliers) in the data set but still retains the idea of a range is the interquartile range (IQR). The interquartile range measures the spread of the middle 50 percent of a group of scores.

Example 2 IQR from week 3
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Solution: IQR = 49 – 25 = 24

Although the interquartile range as a measure of variability of scores is far more meaningful than the crude range, it has two important shortcomings: like the crude range, it does not permit the precise interpretation of a score within a distribution, and like the median, it does not enter into any of the higher mathematical relationships that are basic to inferential statistics.

Variance and Standard Deviation

The variance and the standard deviation are the most common and useful measures of variability. These two measures provide information about how the data vary about the mean. If the data are clustered around the mean, then the variance and the standard deviation will be somewhat small. 

There is small variability when data values are clustered about the mean, as shown in Figure 1.
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Figure 1  Data with small variance 

If, however, the data are widely scattered about the mean, the variance and the standard deviation will be somewhat large. There is large variability when data values are widely scattered about the mean, as shown in Figure 2.
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Figure 2  Data with large variability

The standard deviation is the most used measure of dispersion. The value of the standard deviation tells how closely the values of a data set are clustered around the mean. In general, a lower value of the standard deviation for a data set indicates that the values of that data set are spread over a relatively smaller range around the mean. On the other hand, a large value of the standard deviation for a data set indicates that the values of that data set are spread over a relatively larger range around the mean.

The standard deviation is obtained by taking the square root of the variance. The variance calculated for population data is denoted by σ2 (read as sigma squared), and the variance calculated for sample data is denoted by s2. Consequently, the standard deviation calculated for population data is denoted by σ, and the standard deviation calculated for sample data is denoted by s. Following are the basic formulas that are used to calculate the variance and the standard deviation.
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Where s2 is the population variance, s is the population standard deviation, s2 is the sample variance, and s is the sample standard deviation.

The quantity 
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 in the above formulas is called the deviation of x value from the mean. The sum of the deviations of X values from the mean is always zero. That is, 
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. For example, suppose the midterm scores of a sample of four students are 82, 95, 67, and 92. Then, the mean score for these four students is:
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The deviations of the four scores from the mean are calculated in Table 1.

	Table 1
	

	X
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	82 
	82 - 84 = - 2

	95
	95 - 84 = +11

	67
	67 - 84 = - 17

	92
	92 - 84 = + 8

	[image: image13.wmf](

)

0

=

-

å

X

X




As we can observe from Table 1, the sum of the deviations of X values from the mean is zero, that is[image: image14.wmf](
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. For this reason we square the deviations to calculate the variance and standard deviation.

Note that the formulas for the population variance and sample variance in both cases use the deviation of X values from the mean as the numerator. The only real difference in the formulas lies in the denominator where the population size is denoted by N and the sample size is reflected as n - 1. The factor (n - 1) is called "degrees of freedom."

Degrees of Freedom
Variance in a population is defined as the average of squared deviations from the population mean. If we draw a random sample of n cases from a population where the mean is known, we can estimate the population variance in an intuitive way. We sum the deviations of scores from the population mean and divide this sum by n. This estimate is based on n independent pieces of information and we have n degrees of freedom. Each of the n observations, including the last one, is unconstrained ('free' to vary).

When we do not know the population mean, we can still estimate the population variance, but now we compute deviations around the sample mean. This introduces an important constraint because the sum of the deviations around the sample mean is known to be zero. If we know the value for the first (n - 1) deviations, the last one is known. There are only n - 1 independent pieces of information in this estimate of variance. Thus, we divide the sample deviation of X values from the mean by n - 1 in order to make the sample variance an unbiased estimator of the population variance. An estimator is unbiased if its average value is equal to the parameter it is estimating.

Computing the Variance and Standard Deviation

	Table 2
	
	

	X
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	82 
	82 - 84 = - 2
	(-2)2 = 4

	95
	95 - 84 = +11
	(11)2 = 121

	67
	67 - 84 = - 17
	(17)2 = 289

	92
	92 - 84 = + 8
	(8)2 = 64
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The table illustrates why we square the deviations. As the second column shows, the sum of the deviations is zero. Squaring the deviations yields a positive value.

Example 3  From the table, 
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From the computational point of view, it is easier and more efficient to use short-cut formulas to calculate the variance. By using the short-cut formula, we reduce the computation time and round off errors. The short-cut formulas for calculating the variance are as follows.
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Where σ2 is the population variance and s2 is the sample variance.

Example 4  Use the shortcut formula to determine the sample variance and standard deviation for the following distribution in Table 3:

	Table 3
	
	
	

	X
	f
	fX
	fX2

	14
	1
	14
	196

	13
	2
	26
	338

	12
	3
	36
	432

	11
	3
	33
	363

	10
	5
	50
	500

	9
	3
	27
	243

	8
	2
	16
	128

	7
	1
	7
	49

	6
	2
	12
	72

	5
	1
	5
	25

	  
	n = 23
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Solution: First we need to determine values for three terms: n,
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, and 
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. Note that in order to find
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, we need to multiply the values in the X column by the corresponding numbers in the fX column. Equivalently, we could have squared the values in the X column and then multiplied by the frequencies.
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WARNING:
Many students make the mistake of thinking that all they have to do is square the values in the fX column to obtain the numbers under the heading fX2. But by squaring the values in the fX column, they really have found fX2; that is, they have squared the frequencies as well as the scores. This is not what is needed. Remember the following:
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Also, note that [image: image32.wmf]å

2

X

is not the same as 
[image: image33.wmf](

)

2

å

X

 or
[image: image34.wmf]2

fx

. The value of 
[image: image35.wmf]å

2

X

is obtained by squaring the x values and adding them. While the value of
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The Sum of Squares
The numerator in the formulas for variance is sometimes called the sum of squares, or SS.  The first formula is what is referred to as the deviation formula, the second formula is what is referred to as the raw score formula, and another way that both are represented is by the formula below them, deviation squared (usually a lower case italicized x).
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Any formula in this lesson for the variance or the standard deviation could be rewritten in terms of the sum of squares. For example:
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The Effects of Mathematics on Variability
Recall from last week’s lesson that adding or subtracting a constant changes the mean to 
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. However, this has no effect on the deviation from the mean and therefore changes none of the measures of variability.

Example 5  Adding the constant (2) to each value in the following array.

	X
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	x2

	2
	-2
	4

	3
	-1
	1

	4
	0
	0

	7
	3
	9

	N = 4
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Solution: Adding the constant (2) to each value:

	X 
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	x2

	4
	-2
	4

	5
	-1
	1

	6
	0
	0

	9
	3
	9

	N=4
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Subtracting a constant from each value would likewise not change the variance since subtracting is the same as adding a negative number.  If each score in a distribution is multiplied by a constant, it transforms the mean to
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. The variance becomes c2s2 and the standard deviation becomes 
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 (absolute value of the constant times s).

Example 6  Multiplying each value in Example 4-5 by the constant (2)

Solution: Remember the original s2 = 4.67 and s = 2.16

	X
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	x2

	2x2 = 4
	-4
	16

	3x2 = 6
	-2
	4

	4x2 = 8
	0
	0

	7x2 = 14
	6
	36

	N = 4
	
[image: image54.wmf]8

=

X


	
[image: image55.wmf]
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The Normal Distribution
The normal distribution is one of the many probability distributions that a continuous random variable can possess. The normal distribution is the most important and most widely used of all the probability distributions. A large number of phenomena in the real world are normally distributed either exactly or approximately. The continuous random variables representing the heights and weights of people, scores on an examination, weights of packages (e.g., cereal boxes, boxes of cookies), amount of milk in a gallon, life of an item (such as a light bulb, or a television set), and the time taken to complete a certain job have all been observed to have a (approximate) normal distribution.

The normal probability distribution or the normal curve is given by a bell-shape (symmetric) curve. Such a curve is shown in Figure 4-3. It has a mean of μ and a standard deviation of σ. A continuous random variable X that has a normal distribution is called a normal random variable. Note that not all bell-shaped curves represent a normal distribution curve. Only a specific kind of bell-shaped curve represents a normal curve.

Normal Probability Distribution

A normal distribution possesses the following three characteristics.

1. The total area under a normal distribution curve is 1.0 or 100%, as shown in Figure 3 
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Figure 3  Total area under a normal curve. The shaded area is 1.0 or 100%

2. 
A normal distribution curve is symmetric about the mean, as shown in Figure 4. Consequently, 1/2 of the total area under a normal distribution curve lies on the left side of the mean and 1/2 lies on the right side of the mean.
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  Figure 4  The curve is symmetric about the mean.
3. 
The tails of a normal distribution curve extend indefinitely in both directions without touching or crossing the horizontal axis. Although a normal distribution curve never meets the horizontal axis, beyond the points represented by -3, and +3, it becomes so close to this axis that the area under the curve beyond these points in both directions can be taken as virtually zero. These areas are shown in Figure 5.
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Figure 5  The two tails of the curve extend indefinitely.

The mean, μ, and the standard deviation, σ, are the parameters of the normal distribution. Given the values of these two parameters, we can find the area under a normal distribution curve for any interval. Remember, there is not just one normal distribution curve but rather a family of normal distribution curves. Each different set of values of μ and s gives a different normal distribution. The value of μ determines the center of a normal distribution on the horizontal axis and the value of s gives the spread of the normal distribution curve. The two normal distribution curves drawn in Figure 6 have the same mean but different standard deviations. By contrast, the two normal distribution curves in Figure 7 have different means but the same standard deviation.
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Figure 6  Two normal distribution curves with the same mean but different standard deviations.
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Figure 7  Two normal distribution curves with the same standard deviation but different means.

The Standard Normal Distribution
The standard normal distribution is a special case of the normal distribution. For the standard normal distribution, the value of the mean is equal to zero, and the value of the standard deviation is equal to 1.

Figure 8 displays the standard normal distribution curve. The random variable that possesses the standard normal distribution is denoted by z. In other words, the units for the standard normal distribution curve are denoted by z and are called the z values or z scores. They are also called standard units or standard scores.
There are four areas on a standard normal curve that all introductory statistics students should know. The first is that the total area below 0.0 is .50, as the standard normal curve is symmetrical like all normal curves. This result generalizes to all normal curves in that the total area below the value of μ is .50 on any member of the family of normal curves. See Figure 7.
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Figure 8  The standard normal distribution curve z = 0 and below.

The second area that should be memorized is between z scores of -1.00 and +1.00. It is .68 or 68%. See Figure 9.
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Figure 9  The standard normal distribution curve z = + 1.

The third area is between z scores of -2.00 and +2.00 and is .95 or 95%. See figure 10.
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Figure 10  The standard normal distribution curve z = + 2

The fourth area is between z scores of –3.00 and +3.00 and is .997 or 99.7 %. See figure 11, but ignore the typo for μ + 3 σ = 99.97.
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Figure 11  The standard normal distribution curve z = + 3

z Values or z Scores
The units marked on the horizontal axis of the standard normal curve are denoted by z and are called the z values or z scores. A specific value of z gives the distance between the mean and the point represented by z in terms of the standard deviation.

In Figure 7, the horizontal axis is labeled z. The z values on the right side of the mean are positive and those on the left side are negative. The z values for a point on the horizontal axis gives the distance between the mean and that point in terms of the standard deviation. For example, a point with a value of z = 2 is two standard deviations to the right of the mean. Similarly, a point with a value of z = -2 is two standard deviations to the left of the mean.

The standard normal distribution table, Area Under the Curve, lists the areas under the standard normal curve between z = 0 and the values of z from 0.00 to 3.50. To read the standard normal distribution table, we always start at z = 0, which represents the mean of the standard normal distribution. We learned earlier that the total area under a normal distribution curve is 1.0. We also learned that, because of symmetry, the area on either side of the mean is .5. This is also shown in Figure 8.

Remember: Although the values of z on the left side of the mean are negative, the area under the curve is always positive.

The area under the standard normal curve between any two points can he interpreted as the probability that z assumes a value within that interval.

Example 7  Find the area under the standard normal curve between z = 0 and = 1.95.

Solution: To find the required area under the standard normal curve, we locate 1.95 in the standard normal distribution table, Area Under the Curve. The entry gives the area under the standard normal curve for z = 1.95 as 0.9744. Next, we find the area under the standard curve for z = 0 as 0.50. We knew this without referring to the table since by definition 50% of the area under the curve lies on both sides of the standard normal curve, Consequently, the area under the standard normal curve between z = 0 and z = 1.95 is 0.9744 - 0.50 = .4744. This area is shown in Figure 8. (It is always helpful to sketch the curve and mark the area we are determining.)
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Figure 12  Area between z = 0 and z = 1.95.

Example 8  Find the area from z = -1.56 to z = 2.31 under the standardized curve

Solution:  First find the area below the curve for a z value of 2.31, which from the table, Area Under the Curve is 0.9896. Next, find the area below –1.56, which is 0.0594. Therefore, the area from z = -1.56 to z = 2.31 is 0.9896 - 0.0594 = 0.9302. The area can also be found by finding the distance from the mean of 0 for both z values. z = -1.56 is 0.4406 from 0, and z = 2.31 is 0.4896 from 0. See Figure 9. Either method produces the same result, so the method you choose is up to you and the table you have to work from.
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Figure 13  Area between z = -1.56 and z = 2.31

Standardizing a Normal Distribution
As was shown in the previous section, the table, Area Under the Curve, can be used to find areas under the standard normal curve. However, in real-world applications, a (continuous) random variable may have a normal distribution with values of the mean and standard deviation different from 0 and 1, respectively. The first step, in such a case, is to convert the given normal distribution to the standard normal distribution. This procedure is called standardizing a normal distribution. The units of a normal distribution (which is not the standard normal distribution) are denoted by X. We know from the last section that units of the standard normal distribution are denoted by z.

For a normal random variable X, a particular value of X can be converted to a z value by using the formula:
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Thus, to find the z value for an X value, we calculate the difference between the given value and the mean μ and divide this difference by the standard deviation s. If the value X is equal to μ, then its z value is equal to zero. The z value for the mean of a normal distribution is always zero. Note that we will always round z values two decimal places.

Example 9  Let X be a continuous random variable that has a normal distribution with a mean of 50 and a standard deviation of 10. Convert X = 55 to a z value.

Solution: For the given normal distribution: μ = 50 and s = 10. The z value for X = 55 is computed as follows:
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Thus, the z value for X = 55 is .50. The z values for μ = 50 and X = 55 are shown in figure 4-14. Note that the z value for μ = 50 is zero. The value z = .50 for X = 55 indicates that the distance between the mean μ = 50 of the given normal distribution and the point given by X = 55 is 1 /2 of the standard deviation s = 10. Consequently, we can state that the z value represents the distance between μ and X in terms of the standard deviation. Because X = 55 is greater than μ = 50, its z value is positive.
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Figure 14.   z value for X = 50

Example 10 Let X be a continuous random variable that has a normal distribution with a mean of 50 and a standard deviation of 10. Convert X = 35 to a z values.

Solution: For the given normal distribution: μ = 50 and s = 10. The z value for X = 35 is computed as follows.
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Figure 15  z value for X = 35

Because X = 35 is on the left side of the mean (i.e., 35 is less than μ = 50), its z value is negative. As a general rule, whenever an X value is less than the value of μ, its z value is negative.

To find the area between two values of X for a normal distribution, we first convert both values of X to their respective z values. Then we find the area under the standard normal curve between those two z values. The area between the two z values gives the area between the corresponding X values.

Example 11, Let X be a continuous random variable that is normally distributed with a mean of 25 and a standard deviation of 4. Find the area between X = 25 and X = 32.

Solution: For the given normal distribution: μ = 25 and s = 4.

The first step in finding the required area is to standardize the given normal distribution by converting X = 25 and X = 32 to respective z values using the formula
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The z value for X = 25 is zero because it is the mean of the normal distribution. The z value for X = 32 is
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As shown in Figure 16, the area between X = 25 and X = 32 under the given normal distribution curve is equivalent to the area between z = 0 and z = 1.75 under the standard normal curve. This area from Area Under the Curve is .4599.
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Figure 16  Area between X = 25 and area X = 32

T Scores and SAT Scores
Standard scores have one disadvantage: they are difficult to explain to someone who is not well versed in statistics. Since one task of behavioral scientists is to report test scores to people who are not statistically sophisticated, several alternatives to z scores have been developed. The mean and standard deviation of each such "common denominator" has been chosen so that all of the scores will be positive, and so that the mean and standard deviation will be easy to remember.

One such alternative, called T scores, is defined as a set of scores with a mean of 50 and a standard deviation of 10. The T scores are obtained from the following formula:
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Each raw score is converted to a z score; each z score is multiplied by 10, and 50 is added to each resulting score. For example, using the data in example 4-11, the raw score of 32 is converted to a z score of + 1.75 by the usual formula. Then, T is equal to (10)(+1.75) + 50 or 67.50.

Since the mean of T scores is 50, you can still tell at a glance whether a score is above average (it will be greater than 50) or below average (it will be less than 50). Also, you can tell how many standard deviations above or below average a score is. For example, a score of 40 is exactly one standard deviation below average (equivalent to a z score of - 1.00) since the standard deviation of T scores is 10. A negative T score is mathematically possible but virtually never occurs; it would require that a person be over five standard deviations below average, and scores more than three standard deviations above or below the mean almost never occur with real data.

Scores on some nationally administered examinations, such as the Scholastic Aptitude Test (SAT), the College Entrance Examination Boards, and the Graduate Record Examination, are transformed to a scale with a mean of 500 and a standard deviation of 100. These scores, which we will call SAT scores for want of a better term, are obtained as follows:

SAT = 100z + 500

The raw scores are first converted to z scores; each z score is multiplied by 100, and 500 is added to each resulting score. The proof that this formula does yield a mean of 500 and a standard deviation of 100 is similar to that involving T scores. (In fact, an SAT score is just ten times a T score.) This explains the apparent mystery of how you can obtain a score of 642 on a test with only several hundred items. And you may well be pleased if you obtain a score of 642, since it is 142 points or 1.42 standard deviations above the mean (and therefore corresponds to a z score of + 1.42 and a T score of 64.2).
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Figure 17  Relationship among area under the normal curve, standard deviation, percentiles, z, T, and SAT scores.

Biased and Unbiased Estimators
An unbiased estimate is one in which the overestimates and underestimates of population parameters tend to balance out with repeated samples. For example, the sample mean is an unbiased estimator of the population mean because the average of the values of sample mean computed from all possible samples exactly equals the population mean.

Not all statistics are unbiased estimators of their parameters. Even when a sample is randomly drawn from the population, some of its statistics are biased; that is, the mean of the sampling distribution is either larger or smaller than the parameter. This bias relationship holds between the sample variance and the population variance. The mean value of the sample variance calculated from all possible samples is a little smaller than the population variance. Likewise, the standard deviation of the sample mean is not equal to the standard deviation of the population mean, unless n = 1. This tendency toward underestimation can be corrected if we divide the sum of squares, 
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